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Strong magnetic field in 
heavy ion collisions
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Fig. A.2. Magnetic field at the center of a gold-gold collision, for different impact
parameters. Here the center of mass energy is 200 GeV per nucleon pair (Y0 = 5.4).

we will consider the spectators, then we will discuss an approximation for the
participants. We will perform both approximations at the origin (x⊥ = 0
and η = 0). In that case the magnetic field is pointing in the y-direction,
eB = eBey. Especially for large impact parameters the magnetic field at
the origin will be a good estimate for the magnetic field at the surface of the
interacting region, since the magnetic field in the overlap region is to a good
degree homogeneous in the transverse plane.

A.1 Spectator Contribution for τ ! R/ sinh(Y0)

For τ ! R sinh(Y0) the denominator of the integrand of the spectator contri-
bution Eq. (A.6) can be approximated by τ 3 sinh(Y0)3. Hence we find

eBs ≈ ZαEM exp(−2Y0)
4R

τ 3
g(b/R), (A.9)

where
g(b/R) =

∑

±

g±(b/R), (A.10)

with

g±(b/R) = ∓
1

R

∫

d2x′
⊥ρ±(x′

⊥)(1 − θ∓(x′
⊥))x′. (A.11)

We find that to very good approximation g±(b/R) = b/R. As a result

eBs ≈ ZαEM exp(−2Y0)
4b

τ 3
. (A.12)
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Model and Lattice Study T=0

2

pointing in the positive z direction. Such a field can be
implemented by multiplying the U 2 SU(3) links of the
lattice by complex phases. The specific choice of these
phases and our setup are detailed in Ref. [44]. The exter-
nal field couples only to the quark electric charges qf with
f labelling the different flavors. Thus, the magnetic field
only appears in combinations qfB.

In a finite periodic volume, the magnetic flux is quan-
tized [45, 46]. This quantization on a lattice with spacing
a amounts to,

(Nsa)
2 · qdB = 2⇡Nb, Nb 2 Z, (1)

where the smallest quark charge (that of the down quark),
|qd| = e/3 enters, with e > 0 being the elementary charge.
Here Ns is the number of lattice sites in a spatial direction
(our lattices are symmetric in space). Similarly, Nt counts
the lattice points in the temporal direction. The spatial vol-
ume of the system is given by V = (Nsa)3 and the temper-
ature is related to the inverse temporal extent of the lattice
as T = (Nta)�1.

The quark condensate can be derived from the partition
function, which in the staggered formulation of QCD with
three flavors (f = u, d, s) is given by the functional inte-
gral,

Z =
Z

DU e��Sg
Y

f=u,d,s

[detM(U, qfB,mf )]
1/4 ,

(2)
where � ⌘ 6/g2 is the inverse gauge coupling, Sg the
gauge action and M(U, qB,m) = /D(U, qB) + m1 the
fermion matrix. For Sg we use the tree-level improved
Symanzik action, while in the fermionic sector we employ
a stout smeared staggered Dirac operator /D. The details of
the lattice action can be found in Refs. [44, 47]. The lattice
sizes range from 243⇥32 to 403⇥48 for the zero temper-
ature simulations, while at non-vanishing T we investigate
243 ⇥ 6, 243 ⇥ 8 and 283 ⇥ 10 lattices. We set the quark
masses to their physical values, with mass-degenerate light
quarks: mu = md ⌘ mud. The electric charges of the
quarks are qd = qs = �qu/2 = �e/3, therefore we
need to treat each flavor separately. The line of constant
physics (LCP) [mud(�),ms(�)] was determined by fix-
ing the ratios M⇡/fK and MK/fK to the experimental
values. The lattice spacing a(�) is defined by keeping
fK = f lat

K (�)/a(�) fixed, for details see Ref. [48]. At
T = 0 the continuum limit a ! 0 corresponds to � ! 1.
At nonzero temperature, it is convenient to define the con-
tinuum limit as Nt ! 1, keeping T fixed.

The quark condensate is defined as the derivative of lnZ
with respect to the lattice mass parameter

 ̄ f (B, T ) ⌘ T

V

@ lnZ(B, T )

@mf
. (3)

To carry out the continuum limit, the lattice condensate
 ̄ needs to be renormalized since it contains additive (for

FIG. 1. The change of the renormalized condensate due to the
magnetic field at T = 0 as measured on five lattice spacings and
the continuum limit.

m > 0) and multiplicative divergences. These cancel [44]
in the following combination,

⌃u,d(B, T ) =
2mud

M 2
⇡F

2

⇥
 ̄ u,d(B, T )�  ̄ u,d(0, 0)

⇤
+1,

(4)
where, to obtain a dimensionless quantity, we divided by
the combination M 2

⇡F
2 which contains the zero-field pion

mass M⇡ = 135 MeV and (the chiral limit of the) pion de-
cay constant F = 86 MeV [49]. This specific combination
enters the Gell-Mann-Oakes-Renner relation,

2mud ·  ̄ (0, 0) = M 2
⇡F

2 + · · · . (5)

Note that the normalization in definition (4) can easily be
converted into the slightly different one employed in for-
mer studies by the Budapest-Wuppertal collaboration (e.g.
Refs. [8, 50]) and in Ref. [44]. We define the change of the
condensate due to the magnetic field as

�⌃u,d(B, T ) = ⌃u,d(B, T )� ⌃u,d(0, T ). (6)

Note that the  ̄ (0, 0) term cancels from this difference.
In our normalization, Eq. (6) defines the change of the con-
densate caused by a nonzero B, in units of the chiral con-
densate at B = 0 and T = 0. This normalization will be
advantageous when comparing the lattice results to �PT
and model predictions, which are usually given in units of
 ̄ (0, 0). The +1 is included in Eq. (4) so that the chiral
limit of the condensate is fixed to 1 at T = B = 0, and ap-
proaches 0 as T ! 1. At nonzero quark mass ⌃u,d will
still start from 1 at T = B = 0. At very high tempera-
tures, however, it is well known from the free case [51, 52]
that the condensate receives a contribution ⇠ mT 2. This
term is negligible for the temperatures under study and it
cancels exactly from �⌃u,d.

Results.—In Fig. 1 we display the renormalized differ-
ence �(⌃u + ⌃d)/2 as a function of B at T = 0, for five
different lattice spacings. We carry out the continuum limit
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consult Ref. [10] for details. This inequality is rigorous
for non flavor singlet ↵. In the large Nc limit, however,
owing to 1/Nc suppression of the flavor disconnected di-
agrams, this inequality becomes applicable for flavor sin-
glet channel too. For us it is essential, that m� � m⇡ at
the leading order of large Nc expansion. From the last
inequality, it follows that at any finite value of the pion
mass the correlation length proportional to 1/m� is finite,
i.e. the chiral second-order phase transition is impossible.
For the sake of argument, we remind the reader that it
has been rigorously established in high precision LQCD
calculations of di↵erent groups [27–29] that for the phys-
ical pion mass and at zero magnetic field and T ⇡ 155
MeV [29, 30] the chiral transition is a smooth crossover.
In principle, the chiral crossover transition may turn into
the first-order one at a finite value of the magnetic field.
This, however, may happen only via second-order criti-
cal end point. The above mentioned argument disfavours
such possibility at least in the large Nc limit.

We note, however, that this argument applies only to
the chiral transition. Existence of other phase transitions
(e.g. the first-order deconfinement phase transition) at
high eB cannot be excluded.

IV. SUMMARY AND CONCLUSIONS

Results of the recent LQCD calculations on the depen-
dence of the transition temperature on the magnetic field
disagree already at a qualitative level with those obtained
previously, as well as with various low energy e↵ective
model of QCD. In this article, we addressed this issue
in the Polyakov loop-extended quark-meson model be-
yond the mean-field approximation. We showed that the
inclusion of meson fluctuations, which presumable were
suppressed in the early LQCD fluctuations and were ne-
glected in the mean-field models, is unable to resolve the
above mentioned disagreement.

We calculated the phase diagram of the Polyakov loop-
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FIG. 4: The phase diagram in the FRG approach and mean-
field approximation.
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FIG. 5: The curvature of the transition line in T �µB plane,
, as a function of the magnetic field.

extended quark-meson model in the mean-field approxi-
mation and in the functional renormalization group ap-
proach. Both approaches result in a shift of the tran-
sition temperatures to higher values then that at zero
magnetic field. Moreover, the relative increase of the
transition temperature is larger if meson fluctuations are
taken into account.
Although we observed that the transition strength in-

creases with increasing magnetic field, we see no evidence
in favour of possible chiral first-order phase transition at
finite values of the magnetic field eB.
Based on the large Nc non-go theorem of Ref. [10], we

provide another indication against a chiral critical end
point and a change from the chiral crossover to a first-
order phase transition in the T � eB plane for non-zero
pion mass.
Finally, in the PQM model calculations, it was also

shown that the magnetic field increases the curvature of
the transition in the T � µB plane.
In this model, we do not take into account a contri-

bution of the charged vector mesons, e.g. ⇢±. As was
shown in Ref. [31], in a high magnetic field (eBc ⇡ m2

⇢),
the ⇢-meson condensate may form and drastically change
properties of nuclear matter.

Acknowledgments

The FRG approach to the PQM model at zero mag-
netic field has been developed in collaboration with
B. Friman and K. Redlich. I am grateful to them for il-
luminating discussions on many aspects of the functional
renormalization group approach and its application to
thermodynamics.
I thank S. Mukherjee and R. Pisarski for useful discus-

sions. Many helpful comments by A. Bzdak, B. Friman
and K. Morita are acknowledged.
I also thank N. Yamamoto for his clear explanation of

the QCD inequalities during his seminar at BNL.

Johnson, Kundu(’08), Fraga, Mizher(’09). Mizher, Chernodub, Fraga(’10), 
Fukushima, Ruggieri, Gatto(’10), Gatto, Ruggieri(’10) (’11),
Skokov(’11), Fukushima, Pawlowski (’12), Andersen, Tranberg (’12)

JHEP12(2008)053

ΧS Restored

ΧSB

0 2 4 6 8 10 12 H
0.16

0.18

0.20

0.22

0.24

T

Figure 8: The phase diagram between applied magnetic field and the chiral symmetry restoring
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into the system; therefore in order to minimize the energy, condensates are formed (the

branes bend more) resulting in more readily broken chiral symmetry. (It should be noted,

however, that in this specific holographic model the identification of a quark condensate is

a rather subtle issue (see e.g., ref. [27]).)

We can extract some more information about the transition by studying certain ther-

modynamic quantities at the phase transition. To that end, let us note that the first

order phase transition is accompanied by entropy density that jumps at T = Tc yielding a

non–zero latent heat as reported in ref. [11], also a change in magnetization

∆s = − 1

VR3

∂ (Scurved − Sstraight)

∂T
, Clatent = Tc∆s ,

∆µ = − 1

VR3

∂ (Scurved − Sstraight)

∂H
. (3.16)

The absolute free energy and any thermodynamic quantity obtained from it (such as

the absolute magnetization) for the two classes of embeddings (the straight and the curved

branes respectively) are formally divergent quantities. Hence we compute the relative

quantities which are finite. We studied the dependence of the change in entropy density

and the relative magnetization numerically, and the results are shown in figures 9(a) and

9(b) respectively. The relative magnetization also shows a similar saturation behaviour for

high enough magnetic field. The straight branes correspond to the melted phase where

quarks are free whereas the curved branes correspond to the mesonic phase where quarks

exists in the form of bound states or chiral condensates. Therefore it is expected that the

chiral symmetry restored phase (corresponding to the straight branes) is more ionized than

the chiral symmetry broken phase (corresponding to the curved branes). This is in accord

with our observation that the relative magnetization is negative in figure 9(b).

4. Probing with Dp-Brane

We now consider general Dp/Dp-brane as flavours in the colour D4-brane background.

– 13 –
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amq b βc (Pol. loop) βc (ψ̄ψ)
0.01335 0 5.2714(4) 5.2716(3)
0.01335 8 5.2739(4) 5.2741(4)
0.01335 16 5.2783(3) 5.2785(3)
0.01335 24 5.2836(2) 5.2838(2)
0.025 0 5.2893(2) 5.2898(3)
0.025 8 5.2925(3) 5.2925(3)
0.025 16 5.2961(3) 5.2966(3)
0.025 24 5.3014(4) 5.3018(4)
0.075 0 5.351(1) 5.351(2)
0.075 8 5.353(1) 5.353(2)
0.075 16 5.355(1) 5.357(2)
0.075 24 5.358(1) 5.360(1)

TABLE I: Pseudocritical couplings obtained by fitting the
peak of the chiral condensate or Polyakov loop susceptibilities.
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FIG. 6: Tc(B) for different quark masses. The solid curve is
a power law fit to the lightest quark data (see text).
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FIG. 7: Reweighted plaquette distribution at βc as a function
of the external field at am = 0.01335 on a 163 × 4 lattice.

and 10 m2
π for am = 0.025. This suggests that, at least

for the strong fields and for the pion masses explored, the
relevant scale governing the effect of the magnetic field
on the shift of the transition is T itself and not mπ.
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FIG. 8: Monte-Carlo histories of the plaquette at 3 different
β values around the transition for b = 24 and am = 0.01335.

Trying to understand the dependence of Tc on B, we
have fitted our data for am = 0.01335 according to

Tc(B)

Tc(0)
= 1 +A

(

|e|B

T 2

)α

(7)

finding that α = 1.45(20) and A ∼ 1.3 10−4.
Finally we discuss about the nature of the transition.

At B = 0 it is still unclear if a weak first order transition
is present in the chiral limit [32, 33], however no clear
signal for a finite latent heat has been found on avail-
able lattice sizes, hence the first order transition, even if
present, is so weak to be of poor phenomenological rele-
vance. On the other hand our results show that the intro-
duction of a magnetic field makes the transition sharper.
The question is if large fields can turn the transition into
a first order strong enough to be clearly detectable.
To that aim we have analyzed the reweighted plaque-

tte distribution at the critical couplings and for different
values of B: results are shown in Fig. 8. The single peak
distribution, which is present at zero or small magnetic
field, turns into a double peak distribution, typical of a
first order transition, for the largest B explored; also the
Monte-Carlo histories of the plaquette, Fig. 8, present
signals of a metastable behavior. We can consider that
as an indication but not as a final answer: numerical sim-
ulations on larger lattice sizes are necessary to clarify if
the double peak structure survives the thermodynamical
limit and for a proper finite size scaling analysis.

IV. CONCLUSIONS

We have presented results from an investigation of
the Nf = 2 QCD phase diagram in presence of a mag-
netic background field. We have explored different quark
masses, corresponding to mπ ranging from 200 MeV to
480 MeV, and different magnetic fields, with

√

|e|B up
to about 850 MeV (|e|B ∼ 20 m2

π for the lightest mass).
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Tc increases as B increases.
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10 Summary

In this paper we studied the finite temperature transition of QCD in the presence of external (elec-

tro)magnetic fields via lattice simulations at physical quark masses. The extrapolation to the con-

tinuum limit is carried out, and finite size effects are under control. The results are relevant for the

description of both the evolution of the early universe and of noncentral heavy ion collisions.

We obtained the phase diagram of QCD in the B − T plane using three observables in the

phenomenologically interesting region of 0 ≤ eB ! 1 GeV2. Performing a finite volume scaling study

we found that the transition remains an analytic crossover up to our largest magnetic fields, with the

transition width decreasing only mildly. This rules out the existence of a critical endpoint in the B−T

phase diagram below eB = 1 GeV2. Moreover, our results indicate that the transition temperature

significantly decreases with increasing B. This result contradicts several model calculations present in

the literature which predict an increase in Tc as B grows (see the summary in section 1). We presented

indications that the response of Tc to the external field can be traced back to the behavior of the chiral

condensate as a function of T and B. We showed that this behavior is more complex than is predicted

by most model calculations (where the condensate increases with B for any temperature), and that it

depends very strongly on the quark masses.

Figure 10: Our final result: the QCD phase diagram in the magnetic field - temperature plane. The colored
bands represent the pseudocritical temperature as defined from inflection points of the renormalized chiral
condensate ūur + d̄dr (red) and the strange quark number susceptibility cs2 (blue) in the continuum limit. Also
indicated by the dashed vertical lines are the maximal magnetic fields produced at RHIC and at the LHC. The
large B region of the phase diagram is relevant for the evolution of the early universe.

We summarize our results in figure 10, which shows the QCD phase diagram in the B − T

plane as defined using the renormalized chiral condensate ūur + d̄dr and the strange quark number

susceptibility cs2 in the continuum limit. By comparing our magnetic fields to the maximal fields that

may be produced in noncentral heavy ion collisions we conclude that the decrease in Tc is negligible

for RHIC and may be up to 5 − 10 MeV for the LHC. Moreover, the effect grows with the magnetic

field, exceeding 20% for cs2 at eB = 1 GeV2. This may have a significant impact on the description of

the QCD transition during the evolution of the early universe.
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At finite temperature
Vanishing Magnetic Catalysis

Lowest Matsubara mode plays 
a role of the infrared cutoff:

1

T 2 + p2
6= 0

Dirac surface is smeared.

The infrared singularity vanishes.
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At finite temperature
Vanishing Magnetic Catalysis

Pion fluctuations get stronger.
Bali, Bruckmann, Endrodi, Fodor, Katz, Krieg, Schafer, Szabo(arXiv:1111.4956)

10 Summary

In this paper we studied the finite temperature transition of QCD in the presence of external (elec-

tro)magnetic fields via lattice simulations at physical quark masses. The extrapolation to the con-

tinuum limit is carried out, and finite size effects are under control. The results are relevant for the

description of both the evolution of the early universe and of noncentral heavy ion collisions.

We obtained the phase diagram of QCD in the B − T plane using three observables in the

phenomenologically interesting region of 0 ≤ eB ! 1 GeV2. Performing a finite volume scaling study

we found that the transition remains an analytic crossover up to our largest magnetic fields, with the

transition width decreasing only mildly. This rules out the existence of a critical endpoint in the B−T

phase diagram below eB = 1 GeV2. Moreover, our results indicate that the transition temperature

significantly decreases with increasing B. This result contradicts several model calculations present in

the literature which predict an increase in Tc as B grows (see the summary in section 1). We presented

indications that the response of Tc to the external field can be traced back to the behavior of the chiral

condensate as a function of T and B. We showed that this behavior is more complex than is predicted

by most model calculations (where the condensate increases with B for any temperature), and that it

depends very strongly on the quark masses.

Figure 10: Our final result: the QCD phase diagram in the magnetic field - temperature plane. The colored
bands represent the pseudocritical temperature as defined from inflection points of the renormalized chiral
condensate ūur + d̄dr (red) and the strange quark number susceptibility cs2 (blue) in the continuum limit. Also
indicated by the dashed vertical lines are the maximal magnetic fields produced at RHIC and at the LHC. The
large B region of the phase diagram is relevant for the evolution of the early universe.

We summarize our results in figure 10, which shows the QCD phase diagram in the B − T

plane as defined using the renormalized chiral condensate ūur + d̄dr and the strange quark number

susceptibility cs2 in the continuum limit. By comparing our magnetic fields to the maximal fields that

may be produced in noncentral heavy ion collisions we conclude that the decrease in Tc is negligible

for RHIC and may be up to 5 − 10 MeV for the LHC. Moreover, the effect grows with the magnetic

field, exceeding 20% for cs2 at eB = 1 GeV2. This may have a significant impact on the description of

the QCD transition during the evolution of the early universe.
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Part I: Summary
Pion dispersion: E2 ' p2z + v2?p

2
? v2? ⇠ �2

eB
Transverse velocity becomes small as B increases.

Magnetic Inhibition

Need more quantitative analysis. Vacuum:

Magnetic Inhibition becomes stronger.

Decreasing TC is consistent with Lattice result.

Magnetic catalysis becomes weaker.Fermi-distribution:
Bose-distribution:

Finite temperature:



Fate of vector meson
Part II:



Vector meson
m2

⇢(B) ⇡ m2
⇢ � eB

Model analysis:
AdS/CFT models

Callebaut, Dudal, Verschelde, 1105.2217

19

In the seminal paper [17], the effect of including the nontrivial eB-induced dynamics on the value of the naive critical
eBc = m2

r

was estimated roughly to be about 15%, so that eBc = m2
r

appeared to be an educated guess to set the scale
at which new QCD effects would appear. Our result supports this, since including the chiral magnetic catalysis ’only’
leads to a ⇠ 10% correction on the critical magnetic field. In [22], a quenched Nf = 2 lattice simulation was made
of the r condensate, also revealing an estimate for the critical magnetic field, eBc ⇡ 0.924 GeV2, which is somewhat
larger than our result (109). It is reassuring that two quite distinct non-perturbative approaches, be it our holographic
analysis or the lattice output, are in qualitative agreement.
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FIG. 6: The eB-dependence of M2, M2 and m2
r± = 1

2 (M2 + M2
).
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FIG. 7: The effective mass squared m2
e f f (eB) = m2

r± (eB)� eB of the field combinations r and r

+ in eq. (104) as a function of eB,
the blue (red) curve corresponding to the case where m2

r± is eB-(in)dependent, (not) taking the chiral magnetic catalysis effect into
account. m2

e f f (eB) goes through zero at eBc, eq. (109).

What happens in the original Sakai-Sugimoto model?

In the original Sakai-Sugimoto model, with u0 ⌘ uK = 1/MK and L taking its maximum possible value (48), the
embedding of the flavour branes is unaffected by the presence of the magnetic field. From this we can conclude
that the original Sakai-Sugimoto model is unable to capture the magnetically induced explicit breaking of chiral
symmetry, as well as the chiral magnetic catalysis. It does describe the Landau levels through the mass equation of
the r mesons living on the flavour branes, consistent with the prediction of a r meson condensation at eBc = m2

r

. The
constituent quarks are always massless in this setting, which is evident from the identification (78) for u0 = uK.

Extended NJL model
Chernodub,1101.0117

4

where ✓
0

is a constant phase, C
0

⇡ 1.2, C
�

⇡ 0.51 and
the quark mass m

q

is given in Eq. (14). At B < BNJL

c

the
condensate (22) is zero. The phase transition at B = B

c

is of the second order with the critical exponent 1/2.
Thus, the magnetic field induces the quark condensate

hū�
1

di = �ihū�
2

di = ⇢
0

(B)K
⇣x

1

+ ix
2

L
B

⌘
⌘ ⇢(x?), (23)

where ⇢
0

(B) = �
0

(B)/G
V

. Using known (see, e.g., Ref.
[18]) general properties of the function K(z), Eq. (19),
we conclude that the ground state should be given by a
periodic (in general) lattice of a new type of topological
vortices which are parallel to the magnetic field. The
phase of the condensate (23) winds around the center of
each vortex where the absolute value of ⇢(x?) vanishes.

The condensate (23) locks the local U(1)
e.m.

trans-
formations with the global O(2)

rot

rotations of the co-
ordinate space about the magnetic field axis [7, 20]:
U(1)

e.m.

⇥O(2)
rot

! G
lat

, where G
lat

is a discrete sym-
metry group of rotations of the ⇢-vortex lattice.

The new vacuum state is superconducting. One can
show that there is no B-transverse current, J1=J2=0,
so that the electric current flows along the magnetic
field axis only. In a very weak (test) electric field
~E = (0, 0, E

z

) with E
z

⌧ B, the induced electric cur-
rent in the new vacuum state (23) in a linear-response
approximation is (we use the retarded Green functions):

Jµ(x) =
X

f=u,d

q
f

h ̄
f

�µ 
f

i ⌘ �tr[�µQ̂S(x, x)] , (24)

We average the current (24) over the B-transverse
plane and, in the leading order in powers of ⇢, we get:

@Q(xk)

@z
+
@J (xk)

@t
=

2C
q

(2⇡)3
e3
�
B �BNJL

c

�
E

z

, (25)

where Q is the plane-averaged electric charge density J0,
J is the plane-averaged current Jz, and C

q

⇡ 1 [21]. At
B < B

c

the right hand side of Eq. (25) is zero. Apart
from prefactors, the transport laws in the NJL model (25)
and in the ⇢-meson electrodynamics [7] are identical.

The linear-response law (25) can be rewritten in a
Lorentz-covariant form, @[µ,J⌫] = � · (F, eF ) eFµ⌫ , via the
invariants (F, eF ) = 4( ~B, ~E) and (F, F ) = 2( ~B2 � ~E2).
Here eF

µ⌫

= ✏
µ⌫↵�

F↵�/2 and � is a function of (F, F ) [20].
Equation (25) is a London equation for an anisotropic

superconductivity. Thus, we have just shown that the
strong magnetic field induces the new electromagneti-
cally superconducting phase of the vacuum if B > B

c

.
An empty space becomes an anisotropic superconductor.

The superconductivity of the vacuum is a new e↵ect
which is realized at the QCD-QED interface. This mech-
anism should not work in the pure QED since electrically
charged spin-1 bound states are absent there.

On general grounds one can expect that increase in
temperature T (which, in general, should be of a hadronic

scale) should lead to an evaporation of the ⇢ condensate
with a loss of the superconductivity. The suggested low-
T part of the B � T phase diagram is shown in Fig. 1.

             Phase of
  electromagnetic
superconductivity

Superconducting transition

B Bc0

Hadronic phaseT 

FIG. 1. Low-temperature part of the QCD phase diagram.
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Vafa-Witten theorem
No SSB occurs in the isospin channel.

Fermion determinant is nonnegative.
Schwarz inequality works.

Fermion operator has no zero modes.
Fermion propagator is well defined.

Order parameter is nonsinglet.
Disconnected diagrams do not contribute.

At finite B?
No symmetry breaking.
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Lattice study
YH, A. Yamamoto (’12)

4

mixing exists even for in the connected diagram. Thus,
the µ = 3 component of a ρ meson is an excited state of a
pion. At least in the weak magnetic field limit, there are
a large number of magnetic-splitting states of the pion
below the energy level of the ρ-meson state. We cannot
calculate such a highly excited state in the lattice QCD
simulation.
For neutral π and ρ mesons, we calculated only the

connected diagram, which is necessary for the QCD in-
equality. While the disconnected diagram is forbidden
in the absence of the magnetic field, it is allowed in the
presence of the magnetic field because the magnetic field
breaks isospin symmetry. We ignored the disconnected
diagram in this simulation. In this sense, our neutral
mesons are not physical ones.

B. Meson masses

We performed the standard mass analysis of ground-
state mesons in lattice QCD. The meson masses were
extracted from the fitting function

GX(t) = AX cosh[mX(t− aNt/2)] (16)

in large t. The lattice volume is N3
s ×Nt = 163×32. The

numerical results are shown in Fig. 2.
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FIG. 2: The meson masses in a magnetic field. The broken
curves are m2

π+(B) = m2
π+(B = 0) + eB and m2

ρ+(B) =

m2
ρ+(B = 0)− eB.

The charged pion mass increases in the magnetic field.
This mass shift can be explained by the naive mass for-
mula m2

π+(B) = m2
π+(B = 0) + eB. As shown in the

figure, this formula well reproduces the present lattice
result in a weak magnetic field. This behavior was also
observed in the full QCD simulation [19]. The lattice
data slightly deviate from this formula in a strong mag-
netic field.
The charged ρ meson mass shows a nontrivial depen-

dence on the magnetic field. When the magnetic field is

weak, the mass is a decreasing function of the magnetic
field. The naive mass formula, m2

ρ+(B) = m2
ρ+(B =

0) − eB, reproduces the lattice data. At eB # 1 GeV2,
the mass has a nonzero minimum. When the magnetic
field is stronger than this value, the mass becomes an
increasing function of the magnetic field. As a conse-
quence, the charged ρ meson is always massive and heav-
ier than the connected neutral pion in the whole range
of the magnetic field. Although the Wilson fermion does
not have the exact positivity, the present lattice result is
consistent with the Vafa-Witten theorem and the QCD
inequality.

The neutral mesons are much more nontrivial. In the
naive mass formula, neutral particles are independent of
a magnetic field. The lattice result suggests, however,
that the neutral meson masses depend on the magnetic
field. This is due to the internal structure of the mesons.
To know how the physical neutral mesons behaves in a
magnetic field, we have to take into account the discon-
nected diagram.

When the magnetic field is extremely strong, i.e.,
eB $ 1 GeV2, the masses of all the mesons monoton-
ically increases. This is interpreted as a sign that the
internal quarks obtain the large magnetic-induced mass.
The underlying mechanism is unknown in the present
analysis.

C. Meson condensations

To exclude the possibility of the charged ρ meson con-
densation in lattice QCD, we performed another analysis.
If a meson condensation exists, the ground state becomes
massless and a long-range correlation appears. The cor-
relation function becomes

G′
X(t) = AX cosh[mX(t− aNt/2)] + CX (17)

in large t. If the constant parameter CX is finite, CX

corresponds to the squared meson condensation 〈X〉2 and
mX corresponds to the mass of the first excited state. A
similar analysis was performed in a previous work [15].
However, such a constant term can be easily generated
by a finite-volume artifact. We must carefully check the
finite-volume artifact.

We calculated the correlation functions GX(t) with
three lattice volumes N3

s × Nt = 163 × 32, 203 × 40
and 243 × 48, and fitted the results with Eq. (17). In
Fig. 3, we show CX as a function of the lattice volume
V = a4N3

sNt. The magnetic field is fixed at a large
value eB # 4.3 GeV2. In a small volume, Cπ0 and Cρ+

seem finite. In the infinite volume limit, however, all CX

approach to zero. In particular, Cρ+ is zero within the
statistical error. From this analysis, we conclude that the
charged ρ meson is not condensed by a magnetic field.

As shown in Fig. 3, Cπ0 is large compared to other
mesons. This is an expected behavior because the con-
nected neutral pion is the lightest particle and the finite-
volume artifact is the largest for the lightest particle. If

q
m2

⇢ � eB

p
m2

⇡ + eB

YH, A. Yamamoto, 1209.0007
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Summary II

QCD inequality is useful tool to 
constrain effective models.

No vector meson condensation
in QCD at finite B.

Vector meson mass degreases at 
small B. It increases at large B.
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Comments

Finite μB ?

Finite μI ?

Finite T ? OK!

Fermion determinant is complex.
No positivity.

NO.

Fermion determinant is nonnegative.
can be zero.

1

/D +m+ �4⌧3µI

NO.

Does VW theorem work at



Generalized NJL model?

Dµ = @µ � i⌧aV a
µ � iqAem

µ

L =  ̄( /D +m) +
1

2G
V 2
µ

Supersymmetric model?



Generalized NJL model?

Dµ = @µ � i⌧aV a
µ � iqAem

µ

Disconnected diagrams also contributes 
the order parameter.

Vector meson carries isospin, so that

NO!

L =  ̄( /D +m) +
1

2G
V 2
µ

Supersymmetric model?



Generalized NJL model?

Dµ = @µ � i⌧aV a
µ � iqAem

µ

Disconnected diagrams also contributes 
the order parameter.

Vector meson carries isospin, so that

NO!

L =  ̄( /D +m) +
1

2G
V 2
µ

Supersymmetric model? NO!
Fermion determinant has no positivity.


